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Introduction

e (X,Y): random variable, y is subject to missingness

@ Response indicator function

5= 1 if y; is observed
"1 0 otherwise.

o Nonignorable nonresponse

fly [x) #f(y [ x,6 =1).
@ In general,

P(6=1]|x,y)

%=1 = "5G0T

Fy [ ).

Thus, P(6 = 1| x,y) # P(6 = 1| x) implies nonignorable
nonresponse.

Ch 6 P1 2/ 52



Observed likelihood

e f(y|x;6): model of y on x
@ g(d|x,y;¢): model of § on (x,y)
@ Observed likelihood

obs ‘9 ¢ H f YI |XI1 (51 | xiaYi;¢)
<TT [ 7001 xi0)g 61 1 x3i50) o
5;=0

@ Under what conditions are the parameters identifiable (or estimable)?
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Definition

Identifiability

Let P = {Py; 0 € ©} be a statistical model with parameter space in ©.
We say that P is identifiable if the mapping 8 — Py is one-to-one:

Py, = Py, implies 601 =0, forall 61,6, € ©.

That is, if F(z;0) is the distribution function from Py then for any 6; and
0> in © such that 07 £ 05, it implies

F(z;01) # F(z,0,)

for some z.

Remark

Identifiability is a concept closely related to the ability to estimate the
parameters of a model from a sample generated by the model.
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Example 1

Measurement error models

Yi Bo + Bixi + €
Xi = xi+u

where (x;, e, u;)’ ~ N[(1x, 0,0),diag(oxx, Oee, ouu)]- We observe (X;, Y;)
from the sample. In this case, we have

( Xi > ~N |:< Hx > ( Oxx + Ouy B1Oxx >:|

Yi Bo +51MX ’ B10xx Oee +/8%O—XX '

The joint distribution is completely determined by five sufficient statistics
and is a function of six parameters. Thus, the distribution is not identified.
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Example 2

x, y: dichotomous (taking 0 or 1).

x is always observed and y is subject to missingness

Response model

_ _exp(¢o + p1x + oy + P3xY)
P(O=1|xy)= T+ exp(do + dix 1 day + 6my)

The model is not identified because the number of sufficient statistics
is smaller than the number of parameters.

If the response mechanism satisfies P(d =1 | x,y) =P(6 =1 y),
then the model is identified.
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Example 3

@ x, z, y: dichotomous (taking 0 or 1).
@ (x,z) is always observed and y is subject to missingness

@ If the response mechanism satisfies
P(6=1]|x,z,y) = P(6d = 1] x,y), then the model is identified.
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Lemma (Wang et al., 2014)

Suppose that we can decompose the covariate vector x = (u, z) such that
g(0ly,x) = g(dly, u) (1)

and, for any given u, there exist z,1 and z, such that
fylu,z=zu1) # f(ylu,z = z42). (2)

Under some other minor conditions, all the parameters in f and g are
identifiable.
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Remark

e Condition (1) means
0Llz|y,u

e That is, given (y,u), z does not help in explaining 0.

Figure: A DAG for understanding nonresponse instrumental variable Z

@ We may call z the nonresponse instrument variable.
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§1. Full likelihood-based ML estimation
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Full likelihood-based ML estimation

e Wish to find 7 = (0, ¢), that maximizes the observed likelihood

Lobs(n) = H f(yi [ xi:0) g (6i | xi,yii ¢)
<1 /f()/i | i 0) g (0i | xi, yis &) dyi
6;=0

@ Mean score theorem: Under some regularity conditions, finding the
MLE by maximizing the observed likelihood is equivalent to finding
the solution to

S(n) = E{S(n) | yobs, din} =0,

where y,ps is the observed data. The conditional expectation of the
score function is called mean score function.
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EM algorithm

o Interested in finding 7} that maximizes Lops(n). The MLE can be
obtained by solving Sops(17) = 0, which is equivalent to solving
S(n) = 0 by the mean score theorem.

o EM algorithm provides an alternative method of solving S(n) = 0 by
writing

5(77) = E{S(U) | YObSa(S;n}

and using the following iterative method:

A solve E {5(77) | Yobs, 9; ﬁ(t)} =0

Ch 6 P1 12 / 52



EM algorithm

Definition

Let 1(t) be the current value of the parameter estimate of 1. The EM
algorithm can be defined as iteratively carrying out the following E-step
and M-steps:

@ E-step: Compute

Q <’7 | ’7(t)> = E{'ﬂ f(y,0;n) | YObS76,77(t)}

o M-step: Find n(tt1) that maximizes Q(n | n(9)) w.r.t. 7.
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Monte Carlo EM

Motivation: Monte Carlo samples in the EM algorithm can be used as
imputed values.

Monte Carlo EM
© In the EM algorithm defined by
o [E-step] Compute

Q (n | n(f>) = F {In fy,&:m) | yObM;;n(t)}

o [M-step] Find n(t*1) that maximizes Q (n | n*)),
E-step is computationally cumbersome because it involves integral.
@ Wei and Tanner (1990): In the E-step, first draw

y:;‘SI;L)’ T 7y:<n(irsn) ~f (ymis | yobsad;n(t))

and approximate

m




@ ldentifiability condition is needed to guarantee the convergence of EM

sequence.
@ The fully parametric model approach is known to be sensitive to the
failure of model assumptions: Little (1985), Kenward and
Molenberghs (1988)
@ Sensitivity analysis is often recommended: Scharfstein et al. (1999)
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§2. Partial Likelihood approach
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Partial Likelihood approach

@ A classical likelihood-based approach for parameter estimation under
non ignorable nonresponse is to maximize Lops(6, ) with respect to
(0, 9), where

Lobs(0,0) = ] fvilxi:0)g (5| xi,yi; )

5i=1

<[] /f()/i | xi; ) g (6i | xi, yi; ) dyi
5i=0

@ Such approach can be called full likelihood-based approach because it
uses full information available in the observed data.

@ On the other hand, partial likelihood-based approach (or conditional
likelihood approach) uses a subset of the sample.
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Conditional Likelihood approach

Idea
@ Since
Fy | x)g(d | x,y) = iy | x,0)g1(d | x),
for some f; and gy, we can write

Lovs(0) = T A Wilx6i=1) & (5 |x)
6i=1

T [ 808 105 = 0) & 51 | ) o
;=0

[IAGiIx6=1)x[[&a (i Ix).
di=1 i=1

@ The conditional likelihood is defined to be the first component:

:Hfl(}’i|xi,5i=1 Hff(y,|x,, m(xi, yi)

u %35 0)m (i )y

where 7(x,y;) = Pr(6;i = 1| x;, yi).



Conditional Likelihood approach

Example

@ Assume that the original sample is a random sample from an
exponential distribution with mean = 1/6. That is, the probability
density function of y is f(y;0) = @ exp(—6y)/(y > 0).

@ Suppose that we observe y; only when y; > K for a known K > 0.

@ Thus, the response indicator function is defined by §; =1 if y; > K
and §; = 0 otherwise.
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Conditional Likelihood approach

Example

@ To compute the maximum likelihood estimator from the observed
likelihood, note that

500 =3 (5-0) + L {5 - £l 5= 0)}.

6i=1 0;=0

@ Since ) K exp(_6K)
exp(—
E(Y Ky)Y=-————— 2~
Yy >K) = G~ T ep(CoK)’
the maximum likelihood estimator of 6 can be obtained by the
following iteration equation:

{é(t—i—l)}il — _)_/r _ n—r KeXp(—Ké\gt)) ’ (3)
r 1 — exp(—K0(1)

where r =7, 6; and ¥, = r—1 S 0iyi.



Conditional Likelihood approach

Example

e Since mj = Pr(6; =11y;) = I(y; > K) and
E(m;j) = E{I(y; > K)} = exp(—K#), the conditional likelihood

reduces to
[T 6 exp{-00yi — K)}.
=1

The maximum conditional likelihood estimator of 6 is

1

0. = :
(o} yr—K

Since E(y | y > K) = p+ K, the maximum conditional likelihood
estimator of u, which is fic = 1/6., is unbiased for p.
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Conditional Likelihood approach

Remark

@ Under some regularity conditions, the solution 0. that maximizes
L-(0) satisfies

A

76 — 0) =5 N(O, 1)

where 5
Z.(0) = —E {WSC(H) | x;; 0}
S5c(0) =0InLc(0)/00, and S;(0) = DInf (yi | x;; 0) /06.
e Works only when 7(x, y) is a known function.
@ Does not require nonresponse instrumental variable assumption.

@ Popular for biased sampling problem.
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Pseudo Likelihood approach

Idea
o Consider bivariate (x;, y;) with density f(y | x; 0)h(x) where y; are
subject to missingness.
We are interested in estimating 6.
Suppose that Pr(6 =1 | x,y) depends only on y. (i.e. x is
nonresponse instrument)
Note that f(x | y,0) = f(x | y).
Thus, we can consider the following conditional likelihood

Le(0) = T] F0i lyindi =1) = T £ | yi)-
0i=1 6;i=1

@ We can consider maximizing the pseudo likelihood

~

f(yi | xi;0)h(x;)
L,(0) = hx)
) 5],;[1 J fyi | x;0)h(x)dx

where h(x) is a consistent estimator of the marginal density of x.
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Pseudo Likelihood approach

Idea

o We may use the empirical density in h(x). That is, h(x) = 1/n if
x = x;. In this case,

f(yi | xi; 0)
L(0) = _ .
O= 1L s H o)

@ We can extend the idea to the case of x = (u,z) where z is a
nonresponse instrument. In this case, the conditional likelihood
becomes

}/l ‘ U;,Z,,G)p(z,’\ui)
i|Yi,u; ) 4
L plestvow) = ,5H1f (i Tunz Op(euydz Y
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Pseudo Likelihood approach

o Let p(z|u) be an estimated conditional probability density of z given
u. Substituting this estimate into the likelihood in (4), we obtain the
following pseudo likelihood:

f(yi | ui,zi; 0)p(z|u;)
H ff yi | uj,z;0)p(z|u;)dz’ (5)

@ The pseudo maximum likelihood estimator (PMLE) of #, denoted by
6, can be obtained by solving

h) = Z [S(H;thi) - E{S(G, Ui72,)/i) | yf7ui;07&}] =0

for 0, where 5(0;x,y) = S(0;u,z,y) = dlog f(y | x;0)/06 and

S S(0;ui,z,yi)f (yi | uj,z;0)p(z | uj; &)dz
[ f(yi | ui,z;0)p(z | uj; &)dz '
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Pseudo Likelihood approach

@ The Fisher-scoring method for obtaining the PMLE is given by

oD = 0+ 7, (60.4)} 7 5,00, )
where

Z E{5(0;u;,z,y;)® ®2 | vi,u;; 0,4} — E{S(0;u;,z,y:) | yi,u;; 6,4}

@ First considered by Tang et al. (2003) and further developed by Zhao
and Shao (2015).
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83. GMM approach
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e (X,Y): random variable

o 6: Defined by solving
E{U(0; X,Y)} =0.
@ y; is subject to missingness

1 if y; responds
d;i = . L
0 if yj is missing.

@ Want to find w; such that the solution GAW to
Z5iWiU(9;Xi,yl') =0
i=1

is consistent for 6.
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@ Result 1: The choice of

1

~E( | xivi) (©)

Wi
makes the resulting estimator d,, consistent.

@ Result 2: If 0; ~ Bernoulli(;), then using w; = 1/7; also makes the
resulting estimator consistent, but it is less efficient than 0, using w;
in (6).
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Parameter estimation : GMM method

@ Because z is a nonresponse instrumental variable, we may assume
P(6 =1][x,y) = n(do + d1u + d2y)

for some (o, @1, P2).

e Kott and Chang (2008) idea: Construct a set of estimating equations
such as

n

5" . . J—
Z {W(% + ¢1u,- —+ ¢2yi) B 1} (17UI;Z,) =0

i=1

that are unbiased to zero.

@ May have overidentified situation: Use the generalized method of
moments (GMM).
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GMM method

Example 2

@ Suppose that we are interested in estimating the parameters in the
regression model

yi = Bo + Bix1i + Poxoi + € (7)

where E(e; | x;) = 0.

@ Assume that y; is subject to missingness and assume that

exp(do + d1x1; + d2yi)
P(3i = 1| xai, Xi2, i) = ‘
( ‘ X1iy Xi2 y) 1_|_exp(¢0-|-¢1X1i+¢2yi)

Thus, xo; is the nonresponse instrument variable in this setup.
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Example 2 (Cont'd)

@ A consistent estimator of ¢ can be obtained by solving

Oa(¢) =D {7‘((@55) — 1} (1,x17, x2;) = (0,0,0).  (8)

CX1i, Vi
i—1 1is Yi

Roughly speaking, the solution to (8) exists almost surely if
E{0Us(4)/d¢} is of full rank in the neighborhood of the true value
of ¢. If xp is vector, then (8) is overidentified and the solution to (8)
does not exist. In the case, the GMM algorithm can be used.

o Finding the solution to Ug(gb)A: 0 can be obtained by finding the
minimizer of Q(¢) = U2(¢)'U2(9) or Qu(¢) = Ua(¢)' W Uz () where
W = {V(U)} 1.

v
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Example 2 (Cont'd)

@ Once the solution ¢ to (8) is obtained, then a consistent estimator of
B = (Bo, B1,52) can be obtained by solving

n

01(8,9) = Z % {yi — Bo — Bix1i — Poxoi} (1, x1i, x2i) = (0,0,0)
i=1 "'
(9)

v

for 5.
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Asymptotic Properties

e The asymptotic variance of 3 obtained from (9) with & computed
from the GMM can be obtained by

V(9) = (rx;tr.)

where
r. = E{80(0)/06}
Y, = V(0
O = (0, 0)
and 0 = (3,9).
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54. Exponential tilting model approach
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Exponential tilting method

Motivation
e Parameter 6 defined by E{U(0; X,Y)} = 0.

@ We are interested in estimating 6 from an expected estimating
equation:

z": [0:U(0; xi, yi) + (1 = 0) E{U(0; xi, Y) | xi, 6 = 0}] = 0. (10)
i=1

@ The conditional expectation in (10) can be evaluated by using

P(5 = Ojx,y)
EPG =0y

flylx,0 =0) = f(y|x)

which requires correct specification of f(y | x; #). Known to be
sensitive to the choice of f(y | x;6).

Ch 6 P1 36 / 52



Exponential tilting method

Instead of specifying a parametric model for f(y | x), consider specifying a
parametric model for f(y | x,d = 1), denoted by fi(y | x). In this case,

fo(yi [ xi) = fi(yi | xi) x E{O(xl'oé);i]}zi) 6 =1}’ &

where f5 (y; | xj) = f (i | xi,0; = J) and

O (x,yi) = Pr(s; =1x,y)

is the conditional odds of nonresponse.
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@ If the response probability follows from a logistic regression model

exp {g(xi) + dyi}

Ly) = Pr(0i=1]xi,y;) = . (14
7T(XI _yl) r( ! |X, }/:) 1+exp{g(xl)+¢yl} ( )
where g(x) is completely unspecified, the expression (12) can be
simplified to

exp (Vyi)

fo (yi | xi) = fi (yi | x;) x (15)

E{exp(7Y) | x;,8; =1}’
where v = —¢ and f1 (y | x) is the conditional density of y given x
and 6 = 1.

e Model (15) states that the density for the nonrespondents is an
exponential tilting of the density for the respondents. The parameter
v is the tilting parameter that determines the amount of departure
from the ignorability of the response mechanism. If v = 0, the the
response mechanism is ignorable and fy(y|x) = fi(y|x).
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Estimation of tilting parameter

@ Sverchkov (2008) considered direct maximization of the observed
likelihood for ¢: Given a parametric model for f1(y | x) and 7(x, y; ¢),

find qg that maximizes
() = Y v log m(xi. i 0)+ Y_(1-51)log [ {1=r(xyi )}y | x)ab.
i=1 i=1

o Riddles et al. (2015) proposed an alternative computational tool that
avoids computing the above integration using an EM-type algorithm.

@ Semiparametric extension (Morikawa et al., 2015): Use a
nonparametric density for fi(y | x).
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A Toy Example: Categorical Data (All dichotomous)

Example (SRS, n = 10)

ID Weight x1 x» vy
1 0.1 1 0 1
2 0.1 1 1 1
3 0.1 0 1 M
4 0.1 1 0 0
5 0.1 0 1 1
6 0.1 1 0 M
7 0.1 0 1 M
8 0.1 1 0 O
9 0.1 0 0 O
10 0.1 1 1 0
M: Missing
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A Toy Example (Cont'd)

Assume P(0 = 1| x1,x0,y) = 7(x1,y)

ID  Weight x1 x vy
1 0.1 1 0 1
2 0.1 1 1 1
3 0l-wzp 0 1 0

0.1- w31 0 1 1
4 0.1 1 0 O
5 0.1 0 1 1

ws;, = P(Y=j|X1=0,X=1,6=0)
x P(Y=j|X1=0X=10=1)"—7>7=
( | X1 2 ) 7(0,4)
with
w3o+ w31 =1
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A Toy Example (Cont'd)

ID  Weight x3 x vy

6 0l wo 1 0 0

0l-wgy 1 0 1

7 0l-wg 0 1 0

0l-wey 0 1 1

8 01 1 0 0

9 01 0 0 0

10 01 1 1 0
we, o P(Y=j|Xi=1X=06=1)_"LJ) ﬁ{lr(};f)
wrj ﬁ(Y—j\xl—o,xz—l,a—l)W

with
We,0 + We1 = wro + wr1 = 1.
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Example (Cont'd)
@ E-step: Compute the conditional probability using the estimated
response probability 7 ,p.
@ M-step: Update the response probability using the fractional weights.
For fully nonparametric model,

> s=1/(x1i=a,yi = b)
D g=1 10ai = a.yi = b) + 3520 S wijl (31 = a,y5 = b)

Tab =

@ The solution from the proposed method is 11 = 1, 710 = 3/4,
o1 = 1/3, R0 = 1.
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A Toy Example (Cont'd)

Example (Cont'd)

@ The method can be viewed as a fractional imputation method of Kim
(2011).

@ On the other hand, GMM method is more close to nonresponse
weighting adjustment.
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A Toy Example (Cont'd)

Example GMM method

ID Wgtl Wgt2 x3 x vy
1 01 o017 1 0 1
2 01 0l&7 1 1 1
3 01 00 0 1 M
4 01 O0lfg 1 0 0
5 01 O0lfy; 0 1 1
6 0.1 00 1 0 M
7 01 00 0 1 M
8 01 o 17%1—01 1 0 0
9 01 O 17r00 0 0 O
10 01 0l#y 1 1 0
M: Missing
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A Toy Example (Cont'd)

@ GMM method: Calibration equation

6.
—l(x1j = a,x0; = b) = I(x1i = a,x2; = b).
> = 1(ai = a2, = b) > I(x1i = a, % = b)

i i

Q Xi=1X= 7?1_114—%1_01:2
Q Xi=1,% =0 f' + 7
© X =0,%=1 Forr =3
Q X1 =0,% =0: 7, =1.
@ The solution of GMM method does not exist.

|
:}
=
+
3
-
o
+
3
-
o
|
S
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¢5 Callbacks

Ch 6 P1 47 / 52



@ Consider a non-ignorable response mechanism of the form

. _exp(go + ;91 + yig2)
Pr(él 1|xl7yl) 7T(¢'XI7.yI) 1+exp(¢0+x,¢1+y,¢2) (16)

@ Clearly, the score equation cannot be solved because y; are not
observed when §; = 0.

@ To estimate the parameters in (16), we consider the special case when
there are some callbacks among nonrespondents. That is, among the
elements with d; = 0, further efforts are made to obtain the
observation of y;. Let dp; = 1 if the element i is selected for a
callback or §; = 1 and d»; = 0 otherwise. We assume that the
selection mechanism for the callback depends only §;. That is,

1 iféo=1
Priz=11xy0)={ | {52, (17)

for some v € (0, 1].



Lemma 6.2

Lemma

Assume that the response mechanism satisfies (16) and the followup
sample is randomly selected among the nonrespondents with probability v.
Then, the response probability among the set with §;» = 1 can be
expressed as

exp(¢p + xid] + yid3)
Pr(di =1[xj,yi,02i = 1) =
0= P 02 =) = (g 06+ yic)

where ¢§ = ¢o — In(v), (97, ¢3) = (¢1, ¢2), and (¢o, P1, ¢p2) is defined in
(16).

(18)
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Proof of Lemma 6.2

By Bayes formula,

Pr(6=1|x,y,00=1) Pr(d2=1|x,y,0=1) 9 Pr(6=1|x,y)
Pr(6=0|xy,00=1) Pr(fa=1]|x,y,6=0)" Pr(6=0]|xy)

By (17), the above formula reduces to

Pr(0=1|x,y,00=1) 1 Pr(6=1]|x,y)

Pri6=0xy,00=1) v Pr(0=0]|xy)

Taking the logarithm of the above equality, we have

¢o + O1X + oy = ¢o — In(v) + P1x + ¢ay.

Because the above relationship holds for all x and y, we have

¢p = do — In(v) and (¢, 3) = (¢1, ¢2)-
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@ By Lemma 6.2, the MLE of ¢* can be obtained by maximizing the
conditional likelihood. That is, we solve

> 52 {8i — m(&%ixi, i)} (xiy vi) = 0 (19)
i—1

and then applying the transformation in Lemma 6.2. In particular, the
MLE for the slope (¢1, ¢2) in (16) can be directly computed by
solving (19).

@ Variance-covariance matrix of (gi;l, gfgz) is the same as that of ((;AS{, (;Aﬁg)
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Alternative method

o Let f5(x,y) be the joint density of (x,y) given 6, 6 =0,1. The
response probability can be computed by, using Bayes formula,

- B wh(x,y)
PO = Ch G + (- Mty

where 7 = P(d = 1). We can use the initial respondents to estimate
fi(x,y) and use the follow-up data to estimate fo(x,y).

e If we fit f1(x, y) and fy(x,y) as normal distributions (with the same
variance-covariance matrix), the response probability follows from a
logistic regression model.
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